Chapter 1. Magnetic Circuit
1.1 Magnetic Circuit (Lecture 1)

Consider a simple magnetic structure as shown in Figure 1.1. The following
assumptions are made for simplifying magnetic circuit analysis:

(A1) The magnetic flux is restricted to flow through the magnetic materials with no
leakage;

(A2) The magnetic flux density is uniform within the magnetic materials.
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Figure 1.1

If the coil has N turns and carries a current i, the magnetomotive force (mmf) in A - t,
produced by the current i, is

F = Ni
Similar to the voltage in an electric circuit, the magnetovoltage force has polarities,
which can be determined by the right hand rule: If the coil is grasped in the right hand
with the fingers pointing in the direction of the current, the thumb will point to the
positive palarity of the mmf.

Ampere’s law states that the line integral of the tangential component of the magnetic
field intensity H (in A/m) around a closed path C is equal to the total current passing
through the surface enclosed by the path, that is,

F = jgﬁ)-d_l) = ngcosOdI

where T is the length vector whose direction is chosen in a way so that the angle

— -, . - —
between H and d| is the smallest and 6 is the angle between the vectors Hand d 1.
The direction of H is determined by the right-hand rule:

The right-hand rule 1: Imagine a current-carrying conductor held in the right hand
with the thumb pointing in the direction of current flow, the fingers then point in the
direction of the magnetic field created by that current.

The right-hand rule 2: If the colil is grasped in the right hand with the fingers pointing
in the direction of the current, the thumb will point in the direction of the magnetic field.
Due to (Al), the mean path can be chosen to calculate the magnetic field intensity H.
Note that 6 = 0. Thus,

F = HlI
where | is the mean length of the magnetic core.



The magnetic field intensity H is related to the magnetic flux density B (in Wb/m?) by

- —
B =uH
where u = purpo is called the magnetic permeability (in H/m) with u, the relative
permeability and uo = 4z x 10~"H/m the permeability of the air or free space.
The flux in the core is determined by
¢ = BA
where A represents the cross-sectional area of the magnetic core.
Therefore, & = HI can be rewritten as

o
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where R = ;+A is defined as the reluctance of the magnetic circuit.

Comparing the expression & = R¢ with Ohm’s law V = RI, we find that R is analogous
to R, ¢ to I, and & to V. This analogy enables us to represent the magnetic core in
terms of an equivalent magnetic circuit as shown in Figure 1.1. Like the voltage source
in the electric circuit, the mmf in the magnetic circuit has a polarity. The positive end of
the mmf source is the end from which the flux exits and the negative end is the end at
which the flux re-enters.
Reluctances in a magnetic circuit obey the same rules as resistances in an electric
circuit. The equivalent reluctance of a number of reluctances in series is just the sum
of the individual reluctances:

Reg = R1+Ro + -
Similarly, reluctances in parallel combine according to the equation

1 -1 .1 ...
Reg N1 + Ny +
Example 1.1:

A magnetic core is shown in Figure 1.2. Both depth and width are 3cm and its mean
length is 30cm. The length of the air-gap is 0.05cm. The coil has 500 turns. The
relative permeability of the core is assumed to be 70,000. Neglect fringing effects and
assume the flux density of the core is B, = 1.0Wb/m?. Find the reluctances of the core
and air-gap, flux in the core, and the current required.
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Figure 1.2 Magnetic circuit
Solution: The reluctance of the core is calculated by

= = 3010 = 3789. 4A - /Wb
mc HrpioAc 70000x47x10~7x0.03x0.03 ’

The reluctance of the air-gap is




R 0.05x10~2 _ .
Ra = foAa  4rx107x0.03x0.03 442100A - /Wb

The total reluctance in the magnetic circuit is given by
R = Re+Ra =3789.4+442100 = 445890A - t/Wb
The flux in the magnetic circuit is
¢ = BcAc = 1.0x0.03x0.03 =0.0009Wb
The current in the coil is

s ¢R_ 0.0009x445890 _
| = £ = 200544890 _ 0.8026A

Example 1.2: Consider the magnetic circuit as shown in Figure 1.3. Determine the flux
through various magnetic paths.
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Figure 1.3 Magnetic circuit
Solution: The reluctance in the center leg is Reenter = R3 + Ry

The total reluctance seen from the coil side is

S _ 9 § § § _ S (9?3+‘R4)‘Rz _ 931(9?3+‘R4+‘R2)+(9?3+‘R4)‘Rz
Riotal = R+ (R3 + Ra)[|R2 = R+ R+ R4t Rz R+ R4t Ry

The flux in the left leg is
F

_ _ Ni
¢1 T Riotal Rq (R 4+ )+(Rg+9 )Ry
R3+Ry+ Ry
The flux in the center leg is
¢ _ Fo _ ¢1(Reenter | R2) _ $1 Reenter R 2 _ P1R2
3 R center R center Reenter  Reenter+R2 R3+Ra+R>2
The flux in the right leg is
do = Fo _ 01(Reener[R2) _ $1 ReenterRp  _ $1(R3+R4)
2 Ra R N2 Reenter+NR2 R3+R4+N2

where
W= —o0 Ry = oo gy = He gy = 0

HrioA HrpoA ! prpoA A HoA

1.2 Eddy Current Loss, and Hyteresis Loss (Lecture 2)
Induced Voltage

Consider the magnetic circuit as shown in Figure 1.1, with the cross-sectional area A
and the mean length I. Assume that the flux is a sinusoidal function of time, that is,

where ¢max and Bmax are the amplitudes of the flux and the flux density, respectively,
and o = 2xf.

It follows from Faraday'’s law that the induced voltage is given by



Whel’e Emax = Na)¢max = wNABmaX = 27[fNABmax.

In steady-state operation, we are interested in rms values of voltages and currents.
The rms value of the induced voltage is given by

E = ZTZfNABmaX = ﬁﬂ'fNABmaX

Excitation Current

To produce a magnetic flux in a magnetic core, a current is required, which is referred
to as the excitation current, denoted i4(t). Due to the nonlinearity of the B-H curve and
the hysteresis property of the magnetic materials, i4(t) = HW' is not a sinusoidal
function.

Eddy Current Loss

A time-varying flux induces an emf in the magnetic core in accordance with Faraday’s
law. Since the magnetic materials are good conductors, the induced emf produces a
current along a closed path inside the magnetic core. Such a current is called eddy
current because its swirling pattern resembles the eddy current of water.

As a consequence of this eddy current, energy is converted into heat in the resistance
of the path, which gives rise to the power loss. Such a loss is referred to as the eddy
current loss, which is determined by

Pe = kef?6%B2V
where P, is the eddy-current loss in watts (W), ke is a constant that depends on the
conductivity of the magnetic material, f is the frequency in hertz (Hz), ¢ is the
lamination thickness in meters (m), Bmax iS the maximum flux density in teslas (T), and
V is the volume of the magnetic material in cubic meters (m?).
To reduce the effects of eddy currents, magnetic structures are usually built of thin
sheets of laminations of the magnetic material, insulated from each other by an oxide
layer or by a thin coat of insulation materials.
Hysteresis Loss

Assume that the flux in the core is initially zero. An AC current is applied to the
winding. As the current increases for the first time, the flux in the core traces out path
ab as shown in Figure 1.4. However, when the current decreases, the flux traces out a
different path bcd, and later when the current increases again, the flux traces out path
deb. This failure to retrace flux paths is called hysteresis. The path bcdeb is called a
hysteresis loop.

Each time the magnetic material is made to traverse its hysteresis loop, it produces a
power loss, which is commonly referred to as the hysteresis loss. The hysteresis loss
can be determined by

Pn = knfBfhaxV
where Py, is the hysteresis loss in watts (W), k;, is a constant that depends on the
magnetic material, and n is the Steinmetz exponent.
Core Loss
It is @ common practice to lump the eddy current loss and hysteresis loss together to
define the core loss

Peore = Pe + P = Kef282BZaxV + KnfBfaxV = Kef2B2ay + KnfBhax



where K¢ = ke62V and Ky, = kpV.
1.3 Flux Linkage, Inductance, and Mutual Inductance

Inductance

Consider the magnetic circuit as shown in Figure 1.1. Faraday’s law states that if a
flux ¢ passes through a winding of N turns, a voltage will be induced in the winding
and the induced voltage e is directly proportional to the rate of change in the flux
linkages A = N¢ with respect to time, that is,
e = _dr _ _Nd_¢
dt

where the minus sign means that the polarity of the induced voltage is such that if the
winding ends were short-circuited, it would produce current that would cause a flux
opposing the original flux change.

The self inductance or inductance (in H) of the winding is defined as the ratio of the
flux linkages and the current, that is,

_ A _ N9
L=4%=N-=-
If L is constant, then
__da . dwi) di
€=~ =& - Lla

L depends on the physical dimensions of the magnetic circuit and the permeability of
the magnetic materials. For the magnetic circuit as shown in Figure 1.1, L can be
determined as follows:
z 2

L= 4 =NE NN -
Example 1.3: The magnetic circuit of Figure 1.4 consists of an N-turn winding on a
magnetic core of infinite permeability with two parallel air gaps of lengths g1 and g>
and areas A; and A, respectively. Find the inductance of the winding and the flux
density B; in gap 1 when the winding is carrying a current i. Neglect fringing effects at
the air gaps.
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Figure 1.4
Solution: The equivalent circuit shows that the total reluctance is equal to the parallel
combination of the two gap reluctances R; = —2— and R, = —2—. Thus

HoA1 HoA2 "
_ NF Ni _ NZi(R1+R,)
A =N¢ = NE =N %y T RN,

R1+Ro

and



1 N2(R14+R,) Nz(ygi\ ook ) A A
L=4 = Y _ 0A1  HoA2 =:H0N2 AL 2)

i R1NRo 91 9% 01 92
noA1 HOA2
The flux ingap 1 is
¢ _ & _ yoAlNi
1= % ~— o
and thus
_ %1 _ N
Bi = A, 01

Mutual Inductance (Lecture 3)

Consider the magnetic circuit as shown in Figure 1.5. If a current i, is applied to coil-1
while a current i, to coil-2, then the total mmf is
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Figure 1.5
F = Pdlil +-Pd2i2
The reluctance of the core is
_
R=1x
The flux in the core is given by
¢ =L = Njp 4+ D2ip = No &+ N2

The flux linkage of coil-1 is

A1 = Nig = NFER i + NiN2 220,
which can be written

Ay = Lulr +Lpis = 11 + 412
where

L = 21 _ N2HA
11 il 1 |
is the self-inductance of coil 1 and 411 = Li1i; is the flux linkage of coil-1 due to its own
current i;. The mutual inductance from coil-2 to coil-1 is

L = A,—f = N1N2$
and A12 = Liziz is the flux linkage of coil-1 due to the current i,.
Similarly, the flux linkage of coil-2 is

A2 = Nop = N1N2¢i1 + N%%b = Laly + Laziz = Ao1 + A2

with L2, = A,—il = L1 = NiN2 2% Loy = % = N3£%, 221 = Lasiz, and 222 = Lzia.

Now suppose 112 = kid11 and A1 = kaAz2. Then it is easily checked that

A A Kiis koi
Liolor = 55 = =55 5% = kikaLul 2



In a linear system, L1 = Ly = M. Therefore,

M =k /Lul2
where k = /kikz is known as the coefficient of coupling or the coupling factor between
the two coills.

If the inductances are constant, then the induced voltages can be calculated by

di d(Lqgig+L1oi di di

elzd_;: (111dt122)_|_1 |1+L12 lz
e, = % _ d(L21I1d-lt—L22I2) _ L oy dll ‘l‘L dlz

Example 1.4: A magnetic circuit W|th two W|ndings was tested with an AC source at

60Hz and the following data were recorded.

Test Coil Condition RMS Voltage (V) RMS Current (A)
1 Coil-1 connected to a voltage source 80 15

Coil-2 open circuit 30 0
2 Coil-2 connected to a voltage source 60 1.0

Coil-1 open circuit 20 0

Assume the magnetic circuit operated in the linear region and neglect the hysteresis
effects. Neglect the winding resistances. Determine the self inductance, mutual
inductance, and coupling factor.

Solution: The AC currents can be expressed by ij(t) = J2 Icos(wt) with @ = 2zf and
] = 1,2. For the first test, the following equations are obtained:

Vi =61 = Lj_j__ + |_1 dlz = L 11— dil = —ﬁa)Lllllsin(a)t)

Vo = €2 = LZlT + |_ 20 —— d|2 = L dll = —ﬁa)Lﬂllsin(a)t)

which implies that the rms values of v1 and v, are equal to wLi11; and wlL2; 11, that is,
Vi=oluli = L = o+ = m = 0.14147H
Vo = olali = Lo = 52 = 53— = 53.05mH

Similarly, it follows from the second test that
=€e1 = LllT + Lip—% dlz =L d|2 = —ﬁa)Lﬂ'zSiﬂ(Cot)
Vo =€ = L21 + Lo~ dlz = Lo d'2 = —J2 wLl;sin(wt)

and
Vi =olpl, = Ly = o5 = m = 53.05mH
Vz = a)L22|2 = L22 = Z—IZZ = 2n><60><10 = 0.15915H

The coupling factor is

L 53.05x1073
k = — = 0.35355
JLuil22 4/0.14147x0.15915

Example 1.5: Given the magnetic circuit as shown in Figure 1.6, neglect fringing
effects, leakage flux and reluctances in the magnetic materials. Determine the
self-inductances and mutual inductances.




< s,
|~ f(ﬁl ¢3J

[1]]
NN

N1

|
- - e R LA
Figurel.6 The magnetic circuit for Example 1.5
Solution: The reluctance of each air gap is Ry = #%Where A is the cross-sectional
area of the gap. The fluxes satisfy the following equation

P1 = g2+ @3

For the left loop, we have
F1=91Rg+ ¢3RNy = Ry(91 + ¢3)
that is,
P1+¢3 = %
For the right loop, we have
Fa2 = g2Rg— 3Ry = Ry(d2 — ¢3)
that is,
¢2 — P3 = f;—;

Substituting ¢1 = @2 + @3 iNto ¢1 + $3 = g%gives
b2+ 203 = -

Subtracting ¢, — ¢3 = f;—: from ¢, + 243 = f’;—; yields
3¢3 = T _ T2 _ FuFo

T Ry Ry~ Ny
that is,
¢ _ Fa1-F»
3 3%y,
Then, it follows from ¢, — ¢3 = f;—; that
¢ _¢ +37_2 _ F1-F, 3F,  Fi+2F,  Nii1+2Nais
2= W3 T R, T T 3%y 3Wg 3Ry 3R,

and from ¢1 = ¢2 + ¢3, we have
¢1 :¢2+¢3 _ F1+2F + F1-Fo _ 2F1+F, _ 2N1i1+Nqip

3R, 3%, E E
Therefore,
. _2N% . NNy -
A1 =Nigs = 3w, | T 3w, 12
NiNj - 2N3 .
A2 =N = =20 + ===
2 202 3w, 11t 3w, 12

which implies that

2N{ N1N2
Li = 35,0 Lbe = La = S5~ La =

2N3
3Ry




Chapter 2. Electromechanical Energy Conversion

An electromechanical system consists of an electrical subsystem (electric circuits such
as windings), a magnetic subsystem (magnetic field in the magnetic cores and
air-gaps), and a mechanical subsystem (mechanically movable parts such as a
plunger in a linear actuator and a rotor in a rotating electrical machine), as shown in
Figure 2.1.

Electromechanical System

v ‘ v

Electrical System [« Magnetic System |<» Mechanical System
A A
Voltage,Current |« Magnetic Flux |«»| Position,Speed,Acceleration
— : v Force ‘ .
Circuit Equations Torque. Force/Torque Equations
By KVL,KCL  |«—EMf ‘ By Newton’s Laws

Figure 2.1 General concept of electromechanical system modeling

2.1 Force and Torque on a Current Carrying Conductor:
Motor Action (Lecture 4)

The force on a conductor carrying a current i in a uniform magnetic field Bis given by
the Lorentz’s force law:

- - =
f =il xB =ilBsind
In a rotating system, the torque about an axis can be calculated by
r=Pxf
where T is the radius vector from the axis towards the conductor.
Right Hand Rule for Cross Product: When the thumb of the right hand points in the
direction of the first vector and the index finger points in the direction of the second

vector, the cross product, which is perpendicular to the directions of both vectors,
points in the direction normal to the palm of the hand.

2.2 Energy Stored in Magnetic Field
Energy Stored in Magnetic Circuit with a Single Coil

Consider the magnetic circuit with a single winding as shown in Figure 1.1. Neglect

losses. Note that
o — 41
dt

and
L=4



The electric input power is determined from
p=ie=id
The energy stored in the field during dt is
dW, = pdt = idA
With zero initial energy stored in the magnetic field, the energy at time t is
Wy = [ pdt = [ida = [* #da = 222
or _
W, = [ pdt = ["id2 = [ id(Li) = 4L

Example 2.1: (see Example 1.1) A magnetic core is shown in Figure 1.3. Both width
and depth are 3cm and its mean length is 30cm. The length of the air-gap is 0.05cm.
The coil has 500 turns. The relative permeability of the core is assumed to be 70,000.
Neglect fringing effects and assume the flux density of the core is B = 1.0Wb/m2. The
frequency of the source is 60Hz. Find the inductances of the core and energy stored in
the field.

Solution: It follows from Example 1.1 that

= e _ 30x10-2 _ .
Ro = - = o000 io 0T = 3789. 4A - /Wb
= _la _ 0.05x10- _ .
Ra = 5 = B0 —— = 442100A - /Wb

R =R+ Ra =3789.4+ 442100 = 445890A - t/Wb
The inductance is

_ A _ N _ N&F _ NN _ N2 _ 5002 _
L=+ = =FTW=7w = % — 2mss — 0-56068H

If R is neglected,

L= & = 230 —0.56548H

The error caused by neglecting the reluctance of the core is only
error = 0.56548 — 0.56068 = 0.004 8H.

The flux in the magnetic circuit is
¢ = BcAc = 1.0x0.03 x0.03 = 0.0009Wb

The current in the coil is

© _ ¢R _ 0.0009x445890 _
= = 55 = 0.8026A

The stored energy is
Wy = +Li% = + x 0.56068 x (0.8026)? = 0.18059J
Energy Stored in Magnetic Circuit with Two Coils
Consider the magnetic circuit with two windings as shown in Figure 1.5. Neglect
losses. Then the electric input energy is equal to the energy stored in the field, that is,
dWs = dW,
The electric input power is
p = eii1 + €2y
and the input energy is
dWe = pdt = elildt+ eZizdt

Note that e; = <1 and e, = 2.

10



Thus, the stored energy can be expressed as
dW¢ = dWe = ildﬂ,l + izdlz
Recall the relations L1, = L»; and
A1 = A11 + A1z = Lni1 + Lo
A2 = Az + A2 = Laii1 + Lo
to get
dW¢ = dWe = i1d(L11i1 + leiz) + izd(L21i1 + Lzziz)
= Lllildil + L12i1di2 + L21i2di1 + Lzzizdiz
= L11i1di1 + le(ildiz + izdil) + Lzzizdiz
= L11i1di1 + led(iliz) + L22i2di2
For the case that the inductances are independent of currents, W can be calculated
by
W¢ = _[(Lllildil + L12d(i1i2) + Lzzizdiz) = %Llli% + L12i1i2 + %Lzzi%
On the other hand, solving the equations
A1 = Luiq + Li2io
A2 = Laiq + Lozio
for i, and i, yields
11 = Tl + T12ds
I2 = A1 + T2l
where I'11 = Loo/A,T12 = o1 = =L12/A, T2 = L11/A, and A = Li1Lo — (L12)2.
Then,
dW¢ = (Fllll + Flzlz)d/ll + (F21)~1 + Fzz/lz)d/lz
= Fll/lld/ll + Flzlzdll + Fmﬂldﬂz + Fzz/lzd/lz
= Fll/lld/ll + Flz(lzdll + ;lelz) + Fzzﬂ,zdﬂ,z
=T13A410A41 + T12d(A142) + T2A2dA,
which means that
W¢ = J‘(Flllldll + Flzd(/lzﬂl) + Fzz/lzd/lz) = %F%ll% + A1 + %Fggl%

2.3 Force and Torque Calculation from Energy (Lecture 5)
A Singly Excited Linear Actuator

11
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Figure 2.2

Consider a singly excited linear actuator as shown in Figure 2.2. The winding
resistance is R. A voltage v is applied to the winding, which produces a current i.
Assume that at a certain time instant t, the movable plunger is positioned at x and the
force acting on the plunger is T with the reference direction chosen in the positive
direction of the x axis, as shown in the diagram. After a time interval dt, the plunger
has moved for a distance dx under the action of the force f. The mechanical work
done by the force during this time interval is thus

dWp = fdx
The electrical energy supplied by the electrical source during this time interval is
calculated by

dWe = vidt
The energy dissipated in the winding resistance during this time interval is

dWess = Ri%dt
Suppose that there is no mechanical losses in the system. According to the principle
of conservation of energy (energy is neither created nor destroyed and it is merely
changed in form), the energy stored in the magnetic field during this time interval dW,
must satisfy

//

dWy = dWe — dWess — dWp = vidt — Ri2dt — fdx = (vi — Ri)idt — fdx = eidt — fdx = ‘fj—fidt— fdx
From the above equation, we know that the energy stored in the magnetic field W, is a
function of A and x. Therefore, W, can be expressed as

OWy(4, oWy (4,
Wy(2,x) = T80 g 4 20 gy

By comparing the above two equations, we get
WA fo W4(A,%)
T a0 T X
It follows from Section 2.2 that the energy stored in the magnetic field can be

calculated by

Wy(4,) = | gi(/l,x)dl
For a magnetically linear system (with a constant permeability or a straight line
magnetization curve such that the inductance of the coil is independent of the
excitation current), the above expression becomes

Wo(2,%) = 515

Therefore, the force can be calculated by

12



f ow,ﬁ(x X) _( )2 dLeo _ 14200
L(x) FL Tdx

Example 2.2. Calculate the force acting on the plunger of a linear actuator as shown
in Figure 2.2, where the magnetic core has infinite relative permeability and fringing
effects are negligible.
Solution: The reluctance of the actuator is
2
¢ ua£m1
The inductance of the actuator is

LX) = 4 = “ON'(d X)

Therefore, the force acting on the plunger is

f = 12. 2 dl(_j(XX) — HO' (NI)

The minus sign of the force indicates that the direction of the force is to reduce the
displacement so as to reduce the reluctance of the air gaps. Since this force is caused
by the variation of magnetic reluctance of the magnetic circuit, it is known as the
reluctance force.

Doubly Excited Rotating Actuator
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Figure 2.3

The general principle for force and torque calculation discussed above is equally
applicable to multi-excited systems. Consider a doubly excited rotating actuator as
shown in Figure 2.3. The differential energy functions can be derived as following:

dW¢ = dWe - dWm

where

dWe = ild/ll + izdﬂ,z

dWm = Td9
Hence,

dW(A1,22,0) = indA1 + ipd2, — 7df = ZHEE20 g 4 SEGLRD) g, o STCHLD) 4
which implies that

_ OWy(A1,42,0)
1= on1

13



_ OWy(A1,42,0)

0A2
oWy (11,42,9)

00
Note that for a linear system
W4(A1,42,0) = 5THAS + Tipdida + 5T 2243

Then, we have

OWy(11,42,0
— ¢(6; 2.0) _( A2 dF11(9) + Ao dl“lz(@) 1 12 dFézo((?)
It is useful to express 7 in terms of L1, L1o, and L2,. It can be verified that
_ OWy(ini20) Iz du® i1 dL12(9) |2 dL22(0)
- o0 17 do 27 do

If there is only one 00|I in the magnetlc CII‘CUIt, the torque becomes
Wy(i8) 1 o dL(O)

o0 2 de
Example 2.3: Write an expression for the inductance of the magnetic circuit for Figure
2.4 as a function of 8 and derive an expression for the torque acting on the robot as a
function of the winding current i and the rotor angle 6. Neglect the effects of fringing
and the reluctance of the steel. The redius of the rotor is r and the length of air gap is

g.

.
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/

Figure 2.4
Solution: The reluctance of the air-gaps is

R
Ry = 1oh(r+0.59)6

The inductance of the magnetic circuit is
L(Q) _ NZ _ 1oN2h(r+0.59) 0

29
The energy stored in the magnetic field is
2
Wy(2,0) = j i(4,0)d2 = jo A = 525
The torque is
6W¢(M> _ _( )Zde) _ L2910 _ 1 poNh(r+059) o
L(9) =2V % T2 29

Example 2.4. In the system shown in Figure 2.3, the inductances in henries are given
as

L1 = 0.001(3 + cos26)

14



L2 = 0.3cos6
L2, = 30 +10cos26
Find the torque 7(0)for currents i; = 0.8A and i, = 0.01A.

Solution: The torque can be determined by

_ 1i2dln@®) o o: dLi(d) | 1 :2 dlap(6)
T=olimg  thl—g— + 312

= +i1(-0.0025in20) + i1i2(-0.3sin9) + +i5(—20sin20)
= —0.001i%sin 20 — 0. 3i1i,sinO — 10i3sin 20
= —0.001 x 0.82sin20 + 0.3 x 0.8 x 0.01sin@ — 10 x 0.012sin 20
= —0.00164sin20 — 0.0024sino
Example 2.5: The magnetic circuit of Figure 2.6 is excited by a 100-turn coil wound
over the central leg. The depth is 1cm, a=1cm and b=5cm. Determine the current in
the coil that is necessary to keep the movable part suspended at a distance of 1cm.
Both magnetic circuit and movable part have a cross-sectional area of 1cm?. What is
the energy stored in the systems? The relative permeability and the density of the
magnetic material are 2000 and 7.85g/cm?, respectively.

[T77

=g [~e——|) ——=-Q - = A " | |
---i:- umg "Rgu S‘Rgu
| [___3a . . .

Figure2.6 Figure for Example 2.5
Solution: The mean length for each of the outer legs including a part of the movable
part is

|
|
|

lo=3a+b+Ja+Za+b+Ja+Ja+b+21a=3a+3b=23@+b)=23(1+5)=18m
The mean length of the central leg is
lc=3a+b+3a=a+b=1+5=6cm

The length of the air gap is assumed to be x. The reluctance of each par is calculated
as

— o _ 18x102 _ 5p .
Ro = aroA  2000x47x10-7x0.0001 7.1620 x 10°A - /Wb
— e _ 6x102 _ 5p .

Re = Mf[OA = Joondexi0 Toooor — 2 3873 x 10°A t/Wb
_ c _ X _ 9
Ry = UroA T 4gx10-7x0.0001 7.9577 % 10°X

The applied mmfis & = Ni = 100i where i is the required current in the coill.
The total reluctance as viewed from the magnetomotive source is
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9{ == ER(; +5Rg +05(SRO +iRg)
= 2.3873 x 10°+7.9577 x 10%x + 0.5(7. 1620 x 10° + 7. 9577 x 10°x)
= 1. 1937 x 101% + 5. 9683 x 10°

Hence, the inductance is

L(x) = & = 100 — 1
R 1.1937x101%x+5.9683x105 1.1937x105x+59.683

The magnetic force acting on the movable part is
f= Lj2 dLex) _1j2 1.1937x108

2 dx 2" (59.683+1.1937x106x)?
The negative sign indicates that the force is acting in the upward direction. Therefore,
the magnitude of the force of attraction for x = 1cm is

6 - .
f=-3 LIPA0__j2 — 4, 1471 x 107%2
(59.683+1.1937x108x0.01)

The length of the movable part is 3a + 2b = 13cm. The volume of the movable part is
13 x 1 = 13cm3, so the mass of the movable part is 13 x 7.85 = 102. 05g.

For the movable part to be stationary, the force of gravity must equal to the magnetic
force calculated by

fg = mg = 102. 05 x 1072 x 9.8 = 1. 000 1IN
that is

4.1471 x 10732 = 1.0001
Solving this equation for the current gives

- 1.0001 _
= \/ 4.1471x10°% 15. 529A

The inductance of the magnetic circuit at x = 1cm is

_ 1 _ -5
L(lem) = 1.1937x106x0.01+59.683 8.3356 x 10™H

The energy stored in the magnetic field is
Wy = +Li% = + x8.3356 x 107 x 15. 529 = 1. 0051 x 10-2J

Chapter 3 Dynamics of Electromechanical Systems
3.1 Mathematical Model

Figure 3.1 shows the model of a simple electromechanical system, which consists of
three parts: an electrical system, an electromechanical energy-conversion system,
and an mechanical system.
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Figure3.1 Model of an electromechanical system

Neglect losses in the electromechanical system. For the electrical system, the
following equation can be obtained from KVL:

— Ri _Riy A _ pi, 4D _ di ;L) dx
V=Ri+e=Ri+{ =R+ —— =Ri+L(X)g +1—5"4

Assume that the spring is normally unstretched at x = 0. Then, the following equation
can be obtained from Newton’s law:

dx d?
f—kx—Bd—f = MEX

dt?
where f and L(x) depend on the properties of the electromechanical
energy-conversion system.
The differential equations above are called the mathematical model of the
electromechanical system.

Example 3.1: An electromechanical system is shown in Figure 3.2. The voltage
source has a DC voltage V;. The switch is turned on att = 0. The bar slides along a
pair of frictionless rails in a horizontal plane. The bar has a mass of m. The resistance
of the system is R. Assume all initial conditions are zero. Determine the current i(t)
and the velocity v = % of the bar.

I_’:RH_}
vs(@
L

Figure3.2 Example 3.1

Solution: The induced voltage is

e(t) = IV x B = IBv(t)
From KVL, we obtain

Vs(t) = Ri(t) +e(t) = Ri(t) + IBv(t)
which implies that

i(t) = Vs(t) — V(D)
The induced force is

f=iT xB = IBi(t) = Bvq(t) - LBy(1)
From Newton’s law, we have

d
f=Lyg(t) - LB yv(t) = mE2

17



So the mathematical model for this system is

dv(t) 2g2
m—= + B-v(t) = Bvg(t)
This equation can be solved by usi Vg Laplace transform. Note that vs(t) is a step

signal and its Laplace transform is —&. Taking Laplace transform gives
msV(s) + LB v(s) = B %
Solving it for V(s) yields

1B Vs 1BVs

— R S — “mR_
V(S) - 282 12g2
mS+T S S+—R

Carrying the partial fraction expansion gives
A A
V) = &+ 2

mR

where
IBVs IBVs
AL =s m? 2 ;nRz =2
IB
s(s+58) |,
IBVs IBVs
2R2 == v
A2 = (s+ 1B mR _ _mR Vs
R 22 22 B
( m >5(3+|B) Y |m%
mR
Therefore,

Vs _Vs
_ _IB 1B
V(s) = 2+ —5;

mR

Taking inverse Laplace transform gives

1252
VM) = - ge

The current in the circuit is given by
i) = Vs - Bv®) = % - (5 - e F) - Yo

3.2 Dynamics of DC Generators

A separately excited DC generator delivering power to a static load is shown in Figure
3.3. Assume that the speed of the generator is constant.

——— ———
+ Rs La I ir Rf t+
R,
Va ea Lf Vf
g Ly
'| _ _

Figure3.3 Equivalent circuit of a dc generator
During the transient state, the field voltage satisfies the equation
Vi = Ryig(t) + Lf dlf(t)
and the generated voltage is
ea(t) = Kewif(t) = (Ra+RL)ia(t) + (La + L) 2
Taking the Laplace transform gives

18



Vf(S) = Rf|f(S) + Lf[S|f(S) — if(O)]
Kewl(s) = (Ra + RU)1a(S) + (La + LL)[S1a(s) — ia(0)]

Solving these equations yields
V¢(s)+L+i¢(0)

If(S) = L¢s+R¢
la(s) = Kewli(®)+(La+L)ia(0) _ Kew(Vi(s)+Li1(0))+(Latli)ia(0)(Lis+Rr)
a B (Lat+Lp)s+Ra+RL o (Lts+R¢)((La+Ly )s+Ra+RL)

Note that when the system reaches its steady state condition, di;it) = 0 and % =0,
from which the following equations are obtained for steady state operation:
Vi = Ryiz(0)

Kewif(0) = (Ra + Ri)ia(0)

that is,
. Vi
If(o0) = R
. Kewif()
la(0) = SR

Example 3.2: A separately excited DC generator operating at 1500rpm has the
following parameters: Ry = 0.2Q, Ly = 2.5mH, Ry = 3Q, Lt = 25mH, and K, = 0.191. If
a DC voltage of 120V is suddenly applied to the field winding under a load with

RL = 40Q and L. = 40mH, determine the field current, armature current, and
generated voltage as a function of time, the approximate time to reach the
steady-state condition, and the steady-state values of the field current and induced
voltage.

Solution: The Laplace transform of the field voltage is V¢(s) = 12, The initial
conditions are i;(0) = 0 and i,(0) = 0. The field current in s-domain is given by

li(s) = Vi(9)+Liir(0)  1240025x0 120 e
f - Ls+Rg T 0.025s+3 5(0.0255+3) s(st5m o
4800  _ A , B _ 40 , 40 '
s(s+120) s $+120 s $+120
where
_ 4800 _ 4800 _
A=s s(s+120) | ¢ 0+120 40
_ 4800 _ 4800 _ _
B =(s+120) s(s+120) |g— 199 120 40

Therefore, the field current in time domain is
if(t) = 40 — 40e~120
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Figure3.4 The field current of the dc generator
The generator speed o = 220 = 22150 _ 157rad/s. The armature current in s-domain

60 60
IS
la(s) = Kew(Vi(S) + Ltit(0)) + (La + L1)ia(0)(Lts + R¢)
: (Lis+Ri)((La+ L )s+Ra+RyL)
~0.191 x 157 x (22 1+ 0.025 x 0) + (0.0025 + 0.04) x 0 x (0.025s + 3)
B (0.025s + 3)((0.0025 + 0.04)s + 0.2 + 40)
_ 0.191 x 157 x 120
s(0.025s + 3)(0.0425s + 40.2)
0.191x157x120
_ 0.025x0.0425
S<S + 0.325 ) <S + oiﬁig5
_ 3.3868 x 106
s(s+120.0)(s + 945. 88)
_ A B C
-5 T 53120 T 5+945 88
_ 29.838 N -34.174 N 4.3355
S s+ 120 s +945. 88
where
3.3868x106 3.3868x10°
A=s 5(s+120.0)(s+945.88) |gq  (0+120)(0+945.88) 29. 838
3.3868x108 3.3868x106
B = (s+120) S(s+120.0)(s+945.88) | 190  (-120)(-120+945.88) 34.174
C _ (S + 945 88) 3.3868x10° 3.3868x10° _ 4 3355

5(5+120.0)(s+945.88) |s__g458g  (-945.88)(-945.88+120)
Therefore, the field current in time domain is
ia(t) = 29. 838 — 34. 174e7120t 1 4, 3355¢ 94588
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Figure3.5 The armature current of the dc generator
The induced voltage is given by
ea(t) = Kewif(t) = 0.191 x 157 x (40 — 40e7?%) = 1199. 5 — 1199. 5¢~12%

e_a (V) 1200 "
1000
800

600

400

ol

T T T N T T N
0.00 001 0.02 0.03 0.04 0.05 006 007 0.08 0.09 0)10

Figure3.6 The induced voltage of the dc generator
For practical purposes, the field current reaches its steady-state value after five time
constant 5ty = 5;—: = 5035 — 0.042s.

The final values of the field current, armature current, and induced voltage are
if(c0) = 40A = &, ia(0) = 29. 838A = <=1 and ea(0) = 1199. 5V = Kewi(0).

Ra+RL
3.3 DC Motor Dynamics
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Figure3.7 DC motor dynamics

A DC motor is mainly composed of a stator, rotor, and commutator. The field winding
is placed on the stator, which is also called the stator winding while the armature
winding is mounted on the rotor, which is also referred to as the rotor winding. A
pulsating induced voltage in the armature winding is converted to a DC voltage
through the commutator. The equivalent circuit for a separately excited DC motor,
together with a mechanical load, is shown in Figure 3.7.

For the field circuit, it follows from KVL that

vi(t) = Reig(t) + Lt di;it)

where vy, i;, R, and L¢ are the field voltage, current, resistance, and inductance,
respectively.

For the armature circuit, according to KVL, we obtain

Va(t) = Raia(t) + La 222 + ea(t)

where vy, i3, Ra, and L, are the armature voltage, current, resistance, and inductance,
respectively, and e, is the back emf, which is determined by

ea(t) = Keir(Ho(t)
where K¢ is the voltage constant and w(t) is the angular speed of the motor.
For the mechanical load, it follows from Newton’s law that

74(t) — 7L(t) — Doo(t) = J dcégt)

where D and J are the viscous friction coefficient and the moment of inertia of the
rotating members, respectively, 7, is the load torque and 74 is the developed torque of
the DC motor, which is determined by

74(t) = Kig(t)ia(t)
where K; is the torque constant, which is the same as the voltage constant K.

Substituting for e, and 74 in the three differential equations and solving them for the

derivatives, it follows that

dig(t) Rp .
;t = —L—I|f(t) + %fo(t)
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dt

w2 = Li®ia® - o0 - So®
which is a set of nonlinear differential equations. In these equations, both v¢(t) and
Va(t) can be adjusted to control the speed w(t). When vi(t) is kept constant, that is, if(t)
is constant, the motor speed can be controlled by adjusting the armature voltage va(t)
and the motor is called the armature-controlled DC motor. On the other hand, when
Va(t) is kept constant, the motor speed can be controlled by adjusting the field voltage
vi(t) and the motor is called the field-controlled DC motor.

After the motor reaches the steady-state condition, iz(t), ia(t), and o(t) remain

constant, which implies that
dlf(t) — 0, dla(t) — 0, dw(t) -0

GO R (t) - Keigo) + L val)

Then, the followmg equatlons are obtained for the motor under steady-state condition.
Vf(OO) = Rfif(OO)
Va(0) = Rala(o) + €a()
74(0) — 7. (00) — Dw(0) = 0
ea(0) = Keif(o0)w(0)
Td(0) = Keif(0)ia(0)
or
0 = —Rsif(0) + v¢(o0)
0 = —Raia(0) — Keif(0)w(0) + Va(o0)
0 = Keif(0)ig(0) — 7 (0) — Dw(o0)
from which one can determine the quantities if(«), ia(0), and w(w0) under steady-state
condition.

Example 3.3: A 240V, 12hp, separately excited DC motor has the following parameters
Ra = 0.28Q, L, = 2.81mH, Rs = 320Q, Lt = 2H, K¢ = 1.03. J = 0.087kg - m, and

D =0.02N - m - s. It is operating on a load of 15N - m in the linear region of its
magnetization characteristic. Determine the speed, field current, and armature current
under steady-state condition.

Solution: The equations for the motor under steady-state condition are
0= —Rfif(OO) + Vf(oo)
0 = —Raia(0) — Keif(o0)w(o0) + Va(0)
0 = Keif(0)ia(0) — 71.(0) — Dax(e0)
Solving the first equation for if(t) gives
if(o0) = 52 = 28 = 0.75A
Solving the second equation for i,(t) yields
a(OO) Va(oo) Ke'f(oo) ( )
Substituting thls into the third equation produces
0 = Keit(o0) (452 — “4% () ) — 71(e0) ~ Deo(c0)
that is,
0 = Keif(o0)Va(0) — KZiZ(c0)w(0) — 7. (0)Ra — DRaw(0)

23



Solving this for m(«), we have

Keit(0)Va(©)-TL(©)Ra _ 1,03x0.75x240-15x0.28
GerDRe | 103b075%002:028 00" 82radfs

Therefore, the armature current is

ia(o0) = a2 KD (o0) = 20 103075 300, 82 = 27. 202A

3.4 Armature-ControIIed DC Motors

For armature controlled DC motors, the field voltage is kept constant at Vs, so the field
current is constant too, which implies that —— ‘(t) =0andi(t) = Is = \F:—: The dynamic
model for an armature controlled DC motor becomes

dia ag e
2 = R (1) — K= lioo(t) + EVa(®)

00— K iia(®) - Lou®) - Lo
which is in the state-space form with state variables i,(t) and w(t).

Taking the Laplace transform, together with initial conditions i,(0) and »(0), gives

Sla(s) — ia(0) = — Rala(s)—Ke lio(s) + - Va®)

() =

Ke Ll

so(s) —w(0) = a(s) — TTL(S) - Ta)(s)

or
LaSla(s) — Laia(0) = —Rala(s) — Keltao(S) + Va(s)
Jsw(s) — Jw(0) = Kelila(s) — 7L(s) — Daw(s)

Solving the first equation for I1,(s) yields
(Va(s)+Laia(0))-Kelfa(s)
a (S) = Las+Ra

Substituting into the second equation gives
JSa)(S) _ Jw(o) — elf (Va(s)+La|a(0))_Ke|fw(5) _ TL(S) _ Da)(S)

LaS+Ra
that is,
Keli(Va(s)+Laia(0))  (Kelp)?w(s)
(Js +D)a(s) = - LR, — La’5+Ra +Jw(0) — 7.(s)
Solving this for w(s) produces
Kelt(Va Laia(0 Las+Ra)(Jw(0)—
o(s) = 1(Va(s)+Laia(0))+(Las+Ra)( wz()rL(S))
(Js+D)(Las+Ra)+(Kels)

Then, the armature current is given by
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(Va(s) + Laia(0)) — Kelt(S)
Las+ Ra

(Va(s) + Lala(0)) — Kel¢

|a(5) =

Kelf(Va(s)+Laia(0))+(Las+Ra)Jo(0)—L(s))
(Is+D)(Las+Ra)+(Kels)?
Las +Ra
(Va(s)+Laia(0)((Is+D) (Las+Ra)+(Kel)*)
(Is+D)(Las+Ra)+(Kelf)?

Kelf(Va(s)+Laia(0))+(Las+Ra)(Jo(0)—7 (5))
(Is+D)(Las+Ra)+(Kelf)?

— Kl
Las + Ra
(Va(s) + Laia(0)) ((Js + D)(Las + Ra) + (Kelt)*)
—Kelt(Kelf(Va(s) + Laia(0)) + (Las + Ra)J(0) — 7L.(5)))
(Las +Ra) ((Js + D)(Las + Ra) + (Kel1)?)

(Va(S) + Laia(0))(Js + D)(Las + Ra) + (Kel)%(Va(s) + Laia(0))
~(Kelr)*(Va(s) + Laia(0)) — Kelt(Las + Ra) Jo(0) — 7L(5))
(Las +Ra)((Is+ D)(Las + Ra) + (Kelr)?)
_ (Va(s) + Laia(0))(Js + D)(Las + Ra) — Kelt(Las + Ra) Jo(0) — 7L(5))
(Las +Ra) ((Js + D)(Las + Ra) + (Kel1)?)
_ (Va(s) + Laia(0))Js + D) — Kel1(Jw(0) — 7L.(5))
(Js+ D)(LaS + Ra) + (Kelf)?

Example 3.4: (see Example 3.3) A 240V, 12hp, separately excited DC motor has the
following parameters R, = 0.28Q, L, = 2.81mH, Rf = 320Q, L = 2H, K¢ = 1.03.
J =0.087kg - m, and D = 0.02N - m - s. Determine its speed and armature current as a

function of time when it is suddenly connected to a 240V DC source at no load
condition.

Solution: Prior to the application of armature voltage the motor speed and armature
current are zero. That is, att = 0, i,(0) = 0 and ©(0) = 0. In addition, the load torque is

zero because the motor operates at no load. That is, 7. (t) = 0. The field current is

Vi

— _ 240 _
|f—R—f—ﬁ—o.75A

Note that the armature voltage v,(t) is a step signal with amplitude of 240V, so its
Laplace transform is V,(s) = 22,

Therefore, we have
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Kelt(Va(s) + Laia(0)) + (Las + Ra)(Jw(0) — 7.(S))
(Js + D)(Las + Ra) + (Kelf)?
1.03x 0.75 x 240
(0.087s + 0.02)(0.00281s + 0.28) + (1.03 x 0.75)?

185.4
$(2. 4447 x 1074s? + 2. 4416 x 10725 + 0.60236)

185.4
2.4447x1074

2 | 2.4416x1072 0.60236 )
S (S + S+
2.4447x1074 2.4447x10~4

_ 7.5838 x 10°
s(s? + 99. 873s + 2463. 9)

7.5838 x 10°
s(s + 44. 482)(s + 55. 391)

In order to determine the inverse Laplace transform, we expand (s) into partial
fractions as
B + C

_ A
o) = < + samr T s
where A, B, and C can now be determined by the root-substitution method. Thus,

o(s) =

A=s s(s+4z.'j§§)8(:ig:.391) o0 (0+447.'4%823)?gjg55. 391) 307. 80

B = (s+44.482) s<s+41.'f§§)8<§ig;391) w148 (—44.48275(5—8245?22(2);5.391) = —1562.9

C=(s+55.391) s(s+4z.'28823)i:ig;.391) o 55301 (—55.39173(5—825§X3;(ii44.482) =1255.1
Finally, we can take the inverse Laplace transform of

o) - B8 s iz

and get the angular velocity as
w(t) = 307. 80 — 1562. 9e #4482t 1 1255, 1g-55-391
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Figure3.8 The motor speed
The Laplace transform of the armature current is

|a(5) =

(Va(s) + Lala(0))(Is + D) — Kelt(Jw(0) — 7..(S))

(Js + D)(Las + Ra) + (Kelf)?
240.(0.087s + 0.02)

(0.087s + 0.02)(0.00281s + 0.28) + (1.03 x 0.75)2

240(0.087s + 0.02)

S(2. 4447 x 10~s? + 2. 4416 x 102s + 0.602 36)

240x0.087 240x0.02
2.4447x104 2.4447x104

2 | 2.4416x1072 0.60236 )
S (S + S+
2.4447x1074 2.4447x10~4

85409s + 19634
s(s? +99. 873s + 2463. 9)

854095 + 19634
s(s + 44. 482)(s + 55. 391)

In terms of its partial fraction expansion, l1,(s) can be written as

: _ A B C _ 7.9687 7788.8 —7796.7

la(8) = 5 + 544482 T S155.301 S T sv44.482 T 5+55.391
where

A = g— 854095+19634 _ 85409x0+19634 — 7.9687

s(s+44.482)(s+56.391) |¢_g (0+44.482)(0+55.391)
_ 85409x(—44.482)+19634

B 854095+19634
B = (5+44. 482) i usn)(s155.300)

o 44487 (~44.482)(-44.482+55.391)
85409x%(-55.391)+19634
C = (s+55.391) 854095+19634 ( )

S(5+44.482)(5+55.391) |s_ 55397  (-55.391)(-55.391+44.482)
Finally, we obtain the armature current as
ia(t) = 7. 9687 + 7788. 844482t _ 7796, 755391

= 7788.8
= —7796.7
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Figure3.9 The motor armature current
The rated current is I (rating) = % = 37. 3A. The starting current is way too high so
that the motor will be burnt.
Note that the mechanical time constant is 7, = % = % = 4. 35s and the electrical
time constant is

Te = = = 2008 _ 10036 x 10 %s.

Example 3.5: (See Example 3.3) A 240V, 12hp, separately excited DC motor has the
following parameters R, = 0.28Q, Ly = 2.81mH, Rf = 320Q, L = 2H, K¢ = 1.03.

J =0.087kg - m, and D = 0.02N - m - s. Determine its speed and armature current as a
function of time when it is suddenly connected to a 30V DC source at a load of 15N - m.
Solution: Prior to the application of armature voltage the motor speed and armature
current are zero. That is, att = 0, i,(0) = 0 and ©(0) = 0. In addition, the load torque is
15N - m, that is, 7, (t) = 15. The field current is

\
lt= & = 555 = 0.75A

Note that V,(s) = 22 and 7.(s) = 2.
Therefore, we have
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Kelt(Va(s) + Laia(0)) + (Las + Ra)(Jw(0) — 7.(S))
(Js + D)(Las + Ra) + (Kelf)?
1.03x 0.75 x 32 + (0.00281s + 0.28)(-L)
(0.087s + 0.02)(0.00281s + 0.28) + (1.03 x 0.75)2
1.03 x 0.75 x 30 + (0.00281s + 0.28)(~15)
S(2. 4447 x 107452 + 2. 4416 x 10725 + 0.60236)

18. 975 — 0.04215s
S(2. 4447 x 10~s? + 2. 4416 x 10~%s + 0.602 36)

o(s) =

18.975  0.04215
_ 2.4447x1074 2.4447x10
2.4416x1072 .602
S(Sz " Bx o_4 0.60. 36_4 )
2.4447x10 2.4447x10

77617 —172. 41s
s(s? +99. 873s + 2463. 9)

77617 —172. 41s
S(s+44.482)(s + 55. 391)

In order to determine the inverse Laplace transform, we expand w(s) into partial
fractions as

_ A B C
o(S) = 5 + s mmr T sm
where A, B, and C can now be determined by the root-substitution method. Thus,
A=s 77617-172.41s _ 77617-172.41x0 = 31. 502

s(s+44.482)(s+55.391) |¢_g (0+44.482)(0+55.391)

_ 77617-172.41s __T7617-172.41x(-44.482)
B = (s +44.482) S(s+44.482)(s+55.391) | s—_44 agp  (—44.482)(-44.482+55.391) 175.76

_ 77617-172.41s _ T7617-172.41x(-55.391)
C=(s+55 391) S(s+44.482)(s+55.391) |s_ 55397  (-55.391+44.482)(-55.391) 144.25

Finally, we can take the inverse Laplace transform of

31502 . -175.76 144,25
o(S) = =5+ ez + S5 301

and get the angular velocity as
o(t) = 31.502 — 175. 76044482t | 144, 25¢ 55391t
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Figure3.10 The motor speed
The Laplace transform of the armature current is

1(s) - (Va(® +Laia(0))Js + D) - Kelf(Ja)((Z)) NO)
(Js + D)(Las + Ra) + (Kelf)
30.(0.087s + 0.02) — 1.03 x 0.75(-%&
(. 0875 +0.02)(0.00281s + 0.28) + (1.03 x 0.75)2
30(0.087s + 0.02) — 1.03 x 0.75(~15)
S(2. 4447 x 10~%s? + 2. 4416 x 10-%s + 0.60236)

2.61s +12. 188
5(2. 4447 x 107452 + 2. 4416 x 10725 + 0.602 36)

2.61 12.188
2.4447x104 2.4447x104
2.4416x10 2 0.60236
S(S 2.4447x10 =S 2.4447x1074 )
10676s + 49855
s(s2 + 99. 873s + 2463. 9)

_ 10676s + 49855
S(s+44.482)(s +55.391)

In terms of its partial fraction expansion, l15(s) can be written as

_ A B C _ 20.234 875.9 -896.14
o(8) = 5 + 5144.482 ' 5i55.301 © S T 5i44.482 ' 5155.301
where
— 106765+49855 _ 10676x0+49855 —
A=s T (0+44.482)(0+55.391) 20. 234
_ 106765+49855 _ 10676x(-44.482)149855
= (s+44.482) S(s+44.482)(5+55.391) |g_ 44 agp ~ (-44.482)(-44.482+55.391) 875.9
10676x(-55. 391)+49855
= (5+55.391) 106765+49855 _ x( ) — —896.14

s(s+44.482)(s+55.391) | s__55 391 (-55.391+44.482)(~55.391)
Finally, we obtain the armature current as



ia(t) = 20. 234 + 875. 9e 44482t _ 0B, 14¢ 55391t
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Figure3.11 The motor armature current

3.5 Field-Controlled DC Motors

In an armature-controlled DC motor, the field current is kept at a constant level and
the armature voltage is adjusted to vary the speed below its rated speed. In a
field-controlled DC motor, however, we will change the field current in order to obtain a
motor speed higher than its rated speed.

The mathematical model for a field-controlled DC motor is given below.

dic(t) R .
WO — Bty + Lui(t)

dia a g e a
S = ia®) - o) + 1

= SHi®ia® - Sou® - So)

It is clear that these equations are nonlinear because of the products of the state
variables in these equations. As a result, the Laplace transform approach would not
be appropriate to get closed-form solutions for if(t), ia(t) and w(t). However, a
simplifying assumption can be made to linearize these equations.

In an electric motor, the time constant of the electric circuit is much smaller than the
time constant of the mechanical parts. Therefore, it can be considered that the time
constant of the field circuit is much smaller than the mechanical time constant of the
motor. The field current reaches its steady-state before the armature responds to the

changes in the field current. Therefore, we have
dig(t) R; .
;t = —L—I|f(t) + %fo(t)

ma“) Ra 3 Ke Va
i = T la(®) - o) +

do e 1 :
20— Ko i) - L) - 2o(t)

Taking the Laplace transform gives
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sli(s) —i1(0) = ——l(S) Vf(S)
sla(s) —1a(0) = - |a(S)— |fa)(5)+ Va(S)

sw(s) —w(0) = e Ifla(S) — —rL(s) - —a)(s)

or
LfS|f(S) — Lfif(O) = —Rf|f(S) + Vf(S)
Lasla(s) — Laia(0) = —Rala(s) — Kelt(s) + Va(s)
Jso(s) — Jo(0) = Keltla(s) — 7L.(S) — Dw(S)

Solving these equations yields

_ Vi(s)+Lqi¢(0)
If(S) B L¢s+R¢

Kelf(Va(s)+Laia(0))+(Las+Ra)(Jw(0)-7L(S))

o(s) = 2
(Js+D)(Las+Ra)+(Kels)
(Va(s)+Laia(0))(Is+D)—Kelt(Jo(0)—7L(s))

Ia(S) = 2
(Is+D)(Las+Ra)+(Kels)

Example 3.6: (See Example 3.3) A 240V, 12hp, separately excited DC motor has the
following parameters Ry = 0.28Q, Ly = 2.81mH, R; = 320Q, Lt = 2H, K, = 1.03.
J =0.087kg -m, and D = 0.02N - m - s. It is operating on a load of 15N - m in the linear
region of its magnetization characteristic. Determine its speed, field current, and
armature current as a function of time when the field voltage is suddenly reduced from
240V to 192V att = 0.
Solution: Since the motor has already been operating at steady state on a load of
7. = 15N - m before the field voltage is suddenly changed, we have to evaluate the
initial conditions on i(t), ia(t) and w(t) from the equations for the steady-state
operation, which is done in Example 3.2 and the initial values are

i1(0) = 0.75A, w(0) = 300. 82rad/s,i,(0) = 27. 202A
First, we will determine the field current as follows:

li(s) = Vi(s)+Leir(0)  Vi(s)+Leif(0) 122424075 960755 A, _B__ ;6_’_ 0.15
f\S) = TTCsRy T 7 Ls+Ry | 254320 s(s+160) S ' s+160 S 5+160
where
_ «.96+0.75s _ 96+0.75x0 _
A=s 5(5+160) (0+160) =0.6
96+0.75x(~160
B = 96+0.75s — x( ) — 015
s(s+160) |5 160 —160

Taking the inverse Laplace transform produces
if(t) = 0.6 +0.15e-16%
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Figure3.12 The motor field current

which has a steady state value I+ = 0.6A, which is the same as \é—: = % = 0.6.

For the motor speed, we have

Kelt(Va(s) + Laia(0)) + (Las + Ra)Jw(0) — 7L.(9))
(Js + D)(Las + Ra) + (Kelf)?
1.03 x 0.6 x (242 +0.00281 x 27.2) + (0.00281s + 0.28)(0.087 x 300.79 — 1)
(0.087s + 0.02)(0.00281s + 0.28) + (1.03 x 0.6)?

1.03 x 0.6 x (240 + 0.00281 x 27.2s) + (0.00281s + 0.28)(0.087 x 300.79s — 15)
5(2. 4447 x 10432 + 2. 4416 x 10 25 + 0.38752)

_ 7.3534 x 102s? + 7. 3323s + 144. 12
5(2. 4447 x 107452 + 2. 4416 x 10725 + 0.38752)

o(s) =

7.3534x102 o 7.3323 144.12
__2.4447x10°* 2.4447x107 2.4447x10~
2.4416x10"2 0.38752 )
S(S S+ -
2.4447x107 2.4447x10-4

300. 7952 + 29993.s + 5. 8952 x 105
s(s? + 99. 873s + 1585. 1)

300. 79s? + 29993.s + 5. 8952 x 105
s(s + 1. 794)(s + 80. 079)

_ A B C
-~ S t5119.794 * 5180079

_ 371.92 + -95. 274 + 24. 147
S s+19.794 s+ 80.079
where A, B, and C are determined by
A = 300.7952+29993s+5. 895 2x10° 300. 79x02+29993x0+5. 895 2x10° - 371.92

S 5(s+19.794)(5480.079) w0 (0+19.794)(0+80.079)
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_300.79x(-19. 794)2+29993x(~19.794)+5.895 2x10°

_ 300.79s%+299935+5. 895 2x10°
B =(s+19.794) —-19.794 (~19.794)(~19.794+80.079)

5(s+19.794)(5+80.079)

—95.274

_ 300. 7952+29993s+5. 895 2x10°
C = (s+80.079) 5(5+19.794)(5+80.079)

s—-80.079 (~80.079)(~80.079+19.794)
24. 147

Finally, we can take the inverse Laplace transform to get the angular velocity as
o(t) = 371. 92 — 95. 274719794 1 24, 147e-80.07%

w (rad/s) 370 T
360 T
350 T
o]
330 "
320 "
310 "

300 +~ + T + T + T + T + 1
0. 0.1 0.2 0.3 0.4 5
t(s

Figure3.13 The motor speed

The steady-state speed is 371. 92rad/s, which is higher than the steady-state speed
300rad/s (see Example 3.3) corresponding to the rated field current 0. 75A. This
confirms that the speed is increased with a lower field current.

The Laplace transform of the armature current is

_300.79x(~80.079)2+29993x(~80.079)+5.8952x105
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|a(3) =

where
A =

— (5 + 19, 794)-27-2%+102635457553

(Va(s) + Laia(0))(Js + D) — Kel;(Jw(0) — 7L.(5))
(Js + D)(Las + Ra) + (Kelf)?

(240 1 0.00281 x 27.2)(0.087s + 0.02) — 1.03 x 0.6(0.087 x 300.79 —

<)

(0.087s + 0.02)(0.00281s + 0.28) + (1.03 x 0.6)?

(240 +0.00281 x 27.25)(0.087s + 0.02) — 1.03 x 0.6(0.087 x 300.79s — 15)

S(2. 4447 x 1074s? + 2. 4416 x 10725 + 0.38752)

6. 6496 x 10-3s% + 4. 7093s + 14. 07
(2. 4447 x 1074s? + 2. 4416 x 10725 + 0.38752)

6.6496x103 _2 4.7093 14.07
2.4447x104 2.4447x104 2.4447x104
S(S 2.4416x10" 2 0.38752 )

2.4447x10 =S 2.4447x1074

27. 2s% + 19263s + 57553
s(s? +99.873s + 1585. 1)

27.25% + 19263s + 57553
s(s + 19. 794)(s + 80. 079)

A B C
S T 5119.794 " 5+80.079

_ 36.309 262. 37 —271.48

S  "5719.794 T 5780.079

27.252+192635+57553

5(s+19.794)(5+80.079) | g

_27.2x(0)%+19263x(0)+57553
- (0+19.794)(0+80.079) = 36. 309
_ 27.2x(-19.794)%+19263x(~19.794)+57553

5(s+19.794)(s+80.079) | 19794 (~19.794)(~19.794+80.079)
_ 27.25%+19263s+57553 _ 27.2x(-80.079)2+19263x(-80.079)+57553
C = (s+80.079) S(s+19.794)(5+80.079) |s_ g0 079 (-80.079)(—80.079+19.794)

48

Finally, we obtain the armature current as
ia(t) = 36. 309 + 262. 37719794t _ 271, 48¢-80.07%

= 262. 37
= —271.
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¢ (83.5

Figure3.14 The motor armature current
It is clear that the field current reaches its steady state at about 30ms whereas it takes
about 300ms for the speed and thereby the armature current to do so. This is
consistent with our assumption that the mechanical response is much slower than the
changes in the field current.
It is important to note that the armature current reaches its peak at 160A, which is well
over its rated value. This is mainly caused by the large mechanical time constant of
the motor that does not allow a rapid change in the back emf of the motor. Therefore,
it is recommended that the field current be gradually varied so that high currents will
not take place in the armature circuit.

3.6 Voltage Control of DC Generators
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3.7 Speed Control of DC Motors

Formula Sheet for the Midterm Test:

F = Ni
_)
— uH.¢ - BA
to = 4 x 107~"H/m
¢ =+
m
R = uA
A= N¢
€= dt ,
_ A _ N
L=+%="%
_ 4
W¢(/’L’X) - I/’LZ
W,y(i,x) = +Li?
fo_ OWy(Ax) 12 dL(x)
o ox ) dx
f— Wy(ix) 12 dL(x)
OX 2 dx

A1 = A1 + A1z = Ll + Ly2io
A2 = An + A2 = Logi1 + Laiz

dA
€1 = 5
da
&2 = T
Wy (A1, A4 9)=i1—‘2/’LZ+F Ao + LT2213
p(A1, 12, > T AL + T2d1do + 512245
W¢(i1,i2,9) = %Llli% + L12i1i2 + iL22i2
_ OWy(A1,A20) _ 1:2 dL11(9) dL12(9) 152 dl(0)
B |1 +||—+2| 90
_ OWy(ini2®) 1 2d|-11(9) dl1a(0) | 1 ;2 dL(0)
T= 20 = Jii—g— Thil—g—+ 52—
H
e=IVxB
> -
f=il xB

ea(t) = Kelr()(t)

74(t) = Keie(t)ia(t)
Kelf(Va(s)+Laia(0))+(Las+Ra) (Jo(0)-7L(5))

a(S) =
(s) (Is+D)(Las+Ra)+(Kelp)?
la(s) = (Va(s)+Laia(0))(Is+D)—Kelt(Jo(0)-7L(S))
a (Js+D)(Las+Ra)+(Kelp)?
_ Vi(s)+Lqit(0)

14(8) = —Tom —
ZY = %ZA
Vo = L2/ _30°

an — ﬁ

Ta = /3Tasl —30°
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A-Y connection: Ea, = aBa, 2 —30°, Tp, = 14,2 — 30°
Y-A connection: /E\Al = a/E\AZLBO", Ta, = 214,2.30°
s = 4Tﬂf

om = (1-9S)os
E, = Ea - jTa(Xs - Xq)(synchronous generator)
E, = Ea +jT4(Xa — Xq)(synchronous motor)

fr = sf

Pa = 313552 =

S

3\/2 (l—s)Rz

(R1+R2+ ARz ) +H(X14X2)2

_ R2
Smax,p =
Ro+y(R1+R2)+(X1+X2)?
3 vi
I:)d,max =7 > >
Ri+R2+(R1+R2) H+(X1+X2)
_ 3VIR,
Td = R2 \2 2
Sws[(R1+T) +H(X14X2) ]
R2
Smax,r = ﬁ
1IR1+(X1+X2)
3v?
Tdmax =

2ws[R1+ [RZ+(X1+X2)2 ]

Xm ((Ra/$)?+X2(X2+Xm) )

_ ; Xm(Rols+iX2) X&(Rals)
Zi = Ri+ jX¢ = 0. 5—R2/S+J(X2+Xm) = 0.5—(R2/S)2+(X2+Xm)2 +j0.5

. . 2 . .
Zb = Rp+jXp = 0.5 Xm(R2/(2-8)+iX2) ~_ 0.5 Xin(R2/(2-5)) +j0.5

R2/(2-8)+j(X2+Xm) "7 (Ral(2-5)) 2+(X2+Xm)?
Pagt = 12Rs = 0.51352
Pago = IRy =0.5|§b%
Pdt = Pagt — Preut = (1 —S)Pagf
de = Pagb - I:)rcub = _(1 - S)Pagb
Pd = (1 - S)Pag
Pag = Pagf - F)agb
Pa=(1- S)Pag = 7dom = (1 —S)T4ms
Pagf Pagb
Td = %, — s = Tfd — Thd
ea(t) = Kaq)aa)(t)
Td(t) = Kaq)aia(t)

Qm - %Qe

1
Nm = R{p Npulses

(Ra/s)%+(Xo+Xm)?

Xm ((R2/(2-5))%+X2(X2+Xm) )

(R2/(2-8))%+(X2+Xm)?
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